Mechanism of hadron inelastic scattering cross-section growth in the multiperipheral model within the framework of perturbation theory. Part 1 by Sharf, I V & Rusov, V D
 1 
Mechanism of hadron inelastic scattering cross-section growth in 
the multiperipheral model within the framework of perturbation theory. 
Part 1 
 
I.V. Sharf, V.D. Rusov1 
Department of Theoretical and Experimental Nuclear Physics, 
Odessa National Polytechnic University, Ukraine 
 
Submitted to Nuclear Physics A 
Abstract  
 
The possibility of computation of inelastic scattering cross-section in a multiperipheral model by 
application of the Laplace method to multidimensional integral over the domain of physical process is 
considered. The constrained maximum point of integrand of scattering cross-section under the condition of 
energy-momentum conservation is found. The integrand is substituted for an expression of Gaussian type 
about this point. This made it possible to compute an integral numerically.  
The paper has two parts. The procedure of finding the constrained maximum point is considered and the 
properties of this maximum are discussed in the given part of the paper. It is shown that virtuality of all the 
internal lines of the diagram decrease in the constrained maximum point with energy growth.  
In the second part of the paper the arguments in favor of consideration of the mechanism of decrease of 
virtuality as the mechanism of the total hadron scattering cross-section growth, which is not taken into 
account within the framework of reggeon theory, are given. 
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In spite of the fact that multiperipheral model [1] has been used for description of hadron 
scattering for a long time, formal difficulties, which appear in calculating of inelastic scattering 
cross-section, are not overcame until now. These difficulties are caused by the fact that inelastic 
scattering cross-section with production of a set number of secondary particles in finite state (Fig.1) 
is described by the multidimensional integral of scattering amplitude squared modulus over the 
phase volume of finite state: 


























































.                (1) 
where M1 and M2 are the masses of colliding particles with four-momentums P1 and P2; T(n, p1, 
p2,…, pn, P1, P2, P3, P4) is scattering amplitude corresponding to inelastic process shown in Fig. 1; 
d(4) is a four-dimensional delta function describing the conservation laws of energy and three 
momentum components in this process. Here it is also assumed that particles with four-momentums 
P3 and P4 are the same sorts as P1 and P2, respectively, and n secondary particles with four-
momentums p1, p2,…, pn are identical. 
The multidimensional integral in Eq. (1) is not represented as a product of smaller dimension 
integrals because scattering amplitude, generally speaking, is not a product of functions of some 
variables and owing to the domain of integration. In considered inelastic process this domain in the 
phase space of particles in finite state is determined by the energy-momentum conservation law. As 
a result, the limits of integration over some variable depend on the values of other variables.  
To overcome these difficulties we apply well-known Laplace method [2] for the case, when 
scattering amplitude is set for multiperipheral diagrams (Fig. 2) within the framework of the 
perturbation theory. The essence of this method consists in finding the constrained maximum point 
of scattering amplitude squared modulus in Eq. (1) under four conditions imposed by d-function of 
Eq. (1). Then, expressing the scattering amplitude squared modulus as ( )( )22 lnexp TT = , it is 
possible to expand the exponent of the exponential function in Taylor series about a point of the th 
constrained maximum, coming to nothing more than quadratic items. After that we obtain Gaussian 
integral, whose calculation is reduced to computation of the matrix determinant of the second 
 3 
derivative with respect to ( )2ln T . Now let us consider solving of the listed above problems step by 
step. 
 
2. Consideration of the scattering amplitude  symmetry properties 
 
At first we consider some simplifications, which is possible to make before solving the  
constrained maximization problem.  
According to the rules of Feynman diagram technique, the expression of the scattering amplitude 
corresponding to diagram in Fig. 2 has form: 
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Here g is a coupling constant in extreme vertexes of the diagram; l is a coupling constant in all 
other vertexes; m is the quanta mass of virtual particle field and also secondary particles. As in the 
primary variant of multiperipheral model [1], pions are taken both as virtual and as secondary 
particles. It was assumed that the particle masses with four-momentums P1, P2, P3, P4 are equal, i.e., 
M1=M2=M3=M4=M. The proton mass was used as M for the numerical computations. Note that 
concrete choice of numerical value of mass M is of no importance for the results, which are 
considered in the present paper.  
As it is noted in Ref. [3], for the most of particle mass ratio in the initial and finite state the 
virtual particles four-momentums in the diagram of Fig. 2 are space- like, i.e., they have negative 
scalar squares in Minkovsky space. The negativity of scalar squares of virtual four-momentums at 
given mass configuration M1=M2=M3=M4=M it is easy to prove (see Appendix 1). 
Since the virtual particle squared four- impulses (P1-P3)2, (P1-P3-p1)2, (P1-P3-p1-p2-…-pn-1-pn)2 are 
negative at the physical values of four-momentums of particles in the finite state, denominators in 
Eq. (1) do not equal to zero nowhere in the physical region. Therefore it is possible to reduce the 
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magnitudes ie to zero before all calculations. 
Due to negativity of virtual particle squared four-momentums the magnitude A(n, P3, P4, p1, p2, 
…, pn, P1, P2) is real and positive. Therefore the search of the constrained maximum point of 
scattering amplitude squared modulus reduces to the search of the constrained maximum point of 
function A(n, P3, P4, p1, p2, …, pn, P1, P2). Hereinafter we will name the magnitude A(n, P3, P4, p1, 
p2, …, pn, P1, P2) as well as T(n, p1, p2, …, pn, P1, P2, P3, P4), which differs from it by constant 
factor, by scattering amplitude for short.   
Let us consider the magnitude A(n, P3, P4, p1, p2, …, pn, P1, P2  in c.m.s. of colliding particles P1 
and P2. In such a frame of reference the initial and finite states have some symmetry, which is 
possible to use for solving the constrained maximization problem. In particular, the consideration of 
symmetries makes it possible to reduce the search of the constrained maximum of scattering 
amplitude to the search of the maximum of its restriction on a certain subset of physical process 
domain shown in Fig.2. This restriction is the function of substantially smaller number of 
independent variables than the initial amplitude.  
For the further discussion of this symmetries and simplifications concerned with them, it is 
convenient for us at first to take into account conservation laws, expressing the scattering amplitude 
as a function of only independent  variables. Let us decompose the three-dimensional particle 
momentums in c.m.s. to components, which are parallel pk| | and normal ^kp
r
to collision axis, and 
will name them as longitudinal and transversal momentums, respectively. 
Because the energies of all particles in the finite state can be expressed by their momentums 
using the conditions of mass surface, having n+2 particles in finite state (Fig. 2), we obtain 3(n+2) 
momentum components of these particles. Since we want to search the constrained extremum, it is 
necessary take into account four relations, which express an energy-momentum conservation law. It 
will result in the fact that the magnitude A(n, P3, P4, p1, p2, …, pn, P1, P2) can be represented as a 
function of 3n+2 independent variables. As 3n variables we choose longitudinal and transversal 
components of momentums nppp
rrr
,...,, 21  of particles produced along "comb" in Fig. 2. The other 
two variables are the transversal components of momentum ^3P
r
. 
If the Z axis coincides with momentum direction 1P
r
 in c.m.s. and X and Y axes are the co-
ordinate axes in plane of transversal momentums, the conversation laws look like: 
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.                                       (5) 
Let us make following designations:  
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where ( )ypxpp PPP ^^^ = ,
r
. 
We will discuss the choice of radical sign in Eqs.(7) below. Note that the value of P3|| will not 
change at any sign, if we change the signs of all transversal momentums in Eqs.(7) simultaneously. 
By substituting P3|| from Eq.(7) to Eq.(5), and also P3|| from Eq. (5) to Eq.(3), we obtain the 
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scattering amplitude as a function of only independent variables, for which the conversation laws of 
all components of energy-momentum four-vector are taken into account. Below, referring to Eq. (3), 
we intend that these substitutions have already been done. Taking into account this fact, we 
designate the amplitude (3) as  
                                             ( )nn ppppppPnA ,...,,,,...,,,, 21213 ^^^^ rrrr ,                                      (8) 
enumerating only independent variables in the argument list.  
Now, when the scattering amplitude is expressed in terms of only independent variables, it is 
possible to search the ordinary and not constrained extremum. 
Now let us consider symmetries of the scattering amplitude in c.m.s. It is obvious that the 
symmetry of a turn about a collision axis is present in the system, i.e., in plane normal to collision 
axis preferred direction is not. It means that, if the scattering amplitude has the constrained 
maximum, it is reached at zero values of transversal to collision axis components of the momentums 
of particle in finite state. Otherwise these momentums must be somehow directed in the plane of 
transversal momentums, while all directions are equal in rights in this plane.  
This is possible to show more formally from the explicit form of amplitude (3), which transforms 
to itself, when the signs of all transversal momentums are changed: 
 
















.                               (9) 
 
Differentiating Eq. (9) with respect to any of transversal momentum components and after that 
assuming all transversal momentums equal to zero, we obtain that all partial derivatives with respect 
to components of transverse momentum are equal to zero if the components are equal to zero. 
Thus, for the further search of the constrained maximum we can limit ourselves to restriction of 
the scattering amplitude on a subset of the values of its independent arguments, which corresponds 
to zero values of transversal momentums of all particles in finite state. This restriction is a function 
of only longitudinal components of momentum p1êê, p2êê,…, pnêê, which we designate as 
( )npppnA ,...,,, 21 . Then from Eq. (3) we obtain:  
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                        (10) 
where ( )220 kk pmp += , ( )23230 PMP += .  
At the same time, assuming all transversal momentums equal to zero, we have from Eq. (7):  
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 .           (11) 
Moreover, we have in c.m.s. ,
210
s





P -=  where s is determined in Eq.(5). 
For the further analysis it is convenient to pass on from the longitudinal momentums of 
secondary particles to new variables, i.e., rapidities yk, determined by following relation:  
                                                     ( ) nkyshmP kk ,...,2,1, =×= .                                                 (12) 
The function A  can be written down as ( )nyyynAA ,...,,, 21= . 
The initial state in c.m.s is symmetric rela tive to change of the positive direction of collision axis. 
In addition, the diagrams of presented in Fig. 2 type have the axis of symmetry shown in Fig. 3 for 
the case of even number (Fig. 3a) and odd number (Fig. 3b) of secondary particles.  
From the exp licit expression of amplitude (10) it is possible to show that this expression will 
transform to itself, if we substitute the rapidity of particle centered at the axis of symmetry instead 
the rapidity of every particle (Fig. 3) and at the same time change the rapidity sign. In other words, 
if  we change the variables for even number of particles  






121 ,...,,,...,, yyyyyyyyyy nnnnnnn -®-®-®-®-®
++
- ,                   (13) 
the expression of restriction amplitude ( )nyyynA ,...,,, 21  will transform to itself. In case of 
odd number of particles the transformation is like (13), but instead of the rapidity of particle y(n-1)/2+1 , 
along which the axis of symmetry passes in Fig.3, we substitute -y(n-1)/2+1 to the expression of 
amplitude. The considered properties of function ( )nyyynA ,...,,, 21  is possible to express as 
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the following symmetry relations for even number of secondary particles n  
























21 ,...,,,...,,,,...,,,...,,, yyyyynAyyyyynA nnnnnnn                (14) 
and for odd number of secondary particles n, respectively 
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(proof of symmetry relations (14) is in Appendix 2).  
Let us change variables for even number of n 













































































                 (16) 
and for odd number of n 







































































































   (17) 
Symmetry relationship (14) with there variables has a form 
































21 ,,...,,,,...,,,,,...,,,,...,,, nnnnnn yyyyyyynAyyyyyyynA ,    (18) 
and relationship (15) looks like 






















































 .                             (19) 
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Calculating step by step the partial derivative of function (19) with respect to variables 
+++











































































21 ,...,,,,,...,,, nnn yyyyyyynA  are equal to zero at zero values of variables 
+
ky . In the 





















1210 ,...,,,,,...,,, nnn yyyyyyynA  with respect to variables 
+
ky  are equal to 
zero at zero values of these variables, too. 
It follows that for extremum finding we can consider the further restriction of scattering 












-  at odd n. Designating this 
restriction as A0 we obtain at even n: 






















210 ,,...,,,,...,,,,...,,, yyyyyyynAyyynA nnnn                  (21) 
and at odd n  


























1210 ,,...,,,0,,...,,,,...,,, yyyyyyyynAyyynA nnnnn .   (22) 
If to consider the formulas (10) at the moment, on that subset, where restriction A0 is considered, 
we will have Pp=0 by virtue of Eq.(6). Therefore instead of Eq.(11) we have the following 
expressions:  






















=-=                                 (23) 
or 
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=-=  .                              (24) 





PP --=-  appears in denominators 
of all efficients in Eq.(3). If to choice the negative value of expression (24) as P3||, in denominators 
we will obtain the value, which is greater than in the case of choice (23). Therefore it is naturally to 
suppose that the main contribution to cross-section (1) gives the range of constrained maximum 
point determined by the scattering amplitude, where P3|| and P4|| are determined by Eq.(23) and not 
by Eq.(24). Hence considering and transforming expressions (21) and (22) for scattering amplitude 
restriction on the range of zero transversal momentums, we will suppose that magnitude P3| | and 
connected with it magnitude ( )23230 PMP +=  are expressed in terms of longitudinal 
momentum of secondary particles by Eq.(23). 
After transition to the corresponding amplitude restriction A0 both in case of diagrams with even 
and odd number of particles we obtain only the rapidity function of particles located above the axis 
of symmetry in the diagram. The considered properties of symmetry make it possible to simplify the 
energy parametrization of virtual particles, to which the transversal lines located above of the 
symmetry axis of diagrams in Fig.3 correspond.  
From relationships of symmetry and energy conversation law it is easy to show that on subset, on 
which the considered amplitude restriction A0 is determined, in case of even number of particles at 
any values of independent variables (on which A0 depends) the energy corresponding to the line 
connecting n/2 and n/2+1 vertexes of the diagram in Fig.2 is equal to zero. In a similar, at odd 
number of particles the energy transferred along the line, which joins (n-1)/2 and (n-1)/2+1 vertexes, 
is equal to m/2. Corresponding proof is given in Appendix 3.   
Taking into account these results, restriction A0 for the diagram in Fig. 2 with even number of 








































































































































































ychmm                    (25) 
The similar expression in case of odd number of particles in comb looks like: 
               
( )



























































































































































































          (26) 
As it follows from Eqs. (25)-(26), it is convenient for the further calculations to make 
nondimensional all magnitudes with the mass m. Just the same dimensionless relations were used for 
numerical and analytical solving of the extremum problem for scattering amplitude restriction A0.  
 
3. Numerical solving the constrained maximum problem for multiperipheral scattering 
amplitude  squared module 
  
Numerical solving the constrained extremum problem was made by Matcad 2001. As it was 
shown above, we can search the amplitude maximum instead the maximum of amplitude squared 
module because scattering amplitude corresponding to the diagram in Fig. 2 is real and positive. At 
some small numbers of secondary particles n we search not the maximum of restriction A0, but the 
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maximum of total amplitude A determined by Eq. (3) with allowance for Eq. (7) with the positive 
radical sign in expression for P3|| (in order to transform this expression to Eq. (23), when the 
symmetry properties will be taken into account). These calculations are numerical verification of 
validity of the discussed above simplifications connected with the symmetry properties.  
A typical result of such calculation by the Maximize function of Matcad 2001 at n=12 and energy 
s =55 GeV is presented in Fig. 4. As it follows from Fig. 4, the numerical computation confirms 
made above conc lusion that all the transversal momentums must vanish in the maximum point. Note 
also that the set of rapidities corresponding to the maximum point in Fig. 4, which are determined by 
numerical computation, confirms the conclusion that the diagrams centered at the axis of symmetry 
have mutually opposite values in the point of rapidity extremum. The similar results were obtained 
at different numbers of particles n and energies s . 
Now let us consider properties of the constrained maximum point following from the results of 
numerical computations. Some typical results are shown in Fig.5. 
In Fig. 5a, b column y contains the rapidities maximizing the scattering amplitude restriction A0, 
which is determined by Eq. (25) at even n or by Eq. (26) at odd n. Moreover, the order of numbers 
in columns corresponds to the order of arguments of the corresponding function. For example, in 
Fig. 5 at n=30 the restriction determined by Eq. (25) is the function of fifteen variables 
( )15210 ,...,,,15 yyynA =  corresponding to the rapidities of particles joined to the upper fifteen 
vertexes of the diagram in Fig. 2. The column shown in Fig. 5a contains fifteen numbers 
maximizing the function ( )15210 ,...,,,15 yyynA =  and at the same time the first number in the 
column is the value of y1, the second number is the value of y2 etc. 
As it is apparent from Fig. 5, there is an interesting feature, which consists in the fact that the 
maximizing rapidities both at even n and at odd n, are approximately equal to the numbers 
producing arithmetic progression. It is confirmed both by the presented dependences of the members 
of sequence yk, which produce column y, on their numbers and by the values of columns dy. These 
columns contain the differences between every column element y and successor dy = yk - yk+1 and 
these differences are approximately equal to each other (see Fig. 5). 
Moreover, closeness of sequence of column elements y to arithmetic progression follows also 
from calculations of columns otn, which are constructed by the following principle. If to suppose 





 in the 
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 etc. Hence, in case of the diagram with even n 




















 must produce the sequence of odd whole numbers. The 
column otn contains these ratios constructed by the column elements y obtained with the help of 
Maximize function. As it is possible to see in Fig. 5?, the column elements otn are really close to 
odd numbers.  





-ny  we have  














1  etc. 
 



































 must produce the sequence of whole numbers 1, 2, 3….. 
Fig. 5b, where columns otn consist of such ratios, shows that these ratios are really close to the 
corresponding whole numbers. The similar results are obtained for different numbers of particles n 
and energies s . 
The analytic form of arithmetic progression at any n and s  will be considered in more detail 
below, when we will give analytical solution of the extremum problem for restrictions (25) and (26). 
Moreover, the results of numerical computations confirm the supposition of particle rapidity 
order, which is  well known in the multiperipheral model, because in the maximum point the particle 
rapidities monotone increase at movement upward along the diagram in Fig. 2. 
Besides of these results numerical computation allows to trace several other properties of the 
extremum point. In particular, if the rapidities in the maximum point produce arithmetic 
progression, the question, how this common difference Dy of an arithmetic progression depends on 
the energy s  and the number of particles n, arises. Output numerical computation of the 
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dependence of common difference of an arithmetic progression Dy on s  at different numbers of 
particles in comb (Fig. 2) are shown in Fig.6. At the same time the arithmetical mean of column 
elements dy (the similar to shown in Fig. 5) was used as the value of Dy.  
As it is obvious from Fig. 6, the magnitude Dy is a monotone increasing function on energy s  
at the fixed number of particles n. At the same time the dependence ( )constnsy =D ,  has some 
energy threshold. It is obvious, that at given n such dependence makes sense only at  
                                                                  Mnms 2+³ ,                                                             (27) 
(where s  is not made nondimensional with m). It corresponds to the particle total rest energy in 
finite state. Note that function ( )syD  reaches asymptotic quite quickly. As the axis of energies in 
Fig.6 has a logarithmic scale, we can see that this asymptotic is described by the linear dependence 
on logarithm of energy normalized to 1 Gev.  
Output computation of the dependence of common difference of an arithmetic progression Dy on 
the number of particles at constant energy s  =10 GeV is presented in Fig.7. The similar results are 
obtained for different energies. From Fig. 7 (where dependences Dy(n) are given in linear and 
logarithmic scales) it is evident that, when n is small in comparison with the boundary value  
determined by Eq. (27), this dependence is close to inverse proportion.   
In particular, if to consider ln(Dy) as a function of ln(n), it is possible to calculate 
corresponding common difference of an arithmetic progressions at the given energy (they are 
marked as Dy1, Dy2,…, Dyk in Fig. 10). As it follows from Fig. 7, ratios 
( ) ( )











j=1, 2, 3, …, k are close to (-1). It means that, if to consider n<<
m
Ms 2-
 at fixed s , i.e., the 
values much less than values, which the energy conservation law allows at given s , we have    
Dy~ n-1.  
It is possible to obtain more exact information about dependence Dy(n, s ) from analytical 
solution of the constrained extremum problem for scattering amplitude, which will be considered in 
the next section. 
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However, the most interest has the energy dependence of virtuality absolute values (i.e. the 
virtual particle squared four-momentums corresponding to the diagram in Fig. 2), which are 
calculated at values of real particle four-momentums maximizing the scattering amplitude. Such 
consideration results in possible mechanism of inelastic scattering cross-section increase with the 
energy. 
Let us designate the virtual particle four-momentums according to Fig. 2: 













j pPPkpPPkPPk  .                    (28) 
The numbers of four-momentums are enclosed in brackets to distinguish them from the designations 
of four-momentum components. For example, designation k(0)0 signifies zero component of 
contravariant four-vector k(0).  
As it was noted above, all the values were made nondimensional with the mass m before 
calculations, therefore we introduce the designation 






j =  .                                                             (29) 
At the same time the magnitude A, which is determined by Eq. (3) and coincident with scattering 
amplitude accurate within constant, can be written in the dimensionless form like: 
















jqA  .                                                    (30) 
As the four-momentums of particles in finite state, which constrainedly maximize the function A, 
are known from numerical computation, we can calculate four-momentums q(j) by Eqs. (28)-(29) 
and whereupon calculate the corresponding dimensionless virtualities (Figs. 8-9). 
The dependence of particle virtuality on the vertex number in Fig.2, to which the line 
corresponding to the particle joins from above, is presented in Fig. 8?. At the same time only the 
upper half diagram is considered, as from the symmetry relation (see Section 2) follows that the 
virtualities in the maximum point on the lines centered at the symmetry axis of the diagram in Fig.3 
are equal. It is evident also from Fig. 8b, where the virtuality change along the whole diagram is 
shown for odd number of particles (n=7). 
It is well known that for particles of negative virtuality a frame of reference, where the particle 
energy vanishes [3], exists. According to terminology of Ref. [3], such a frame of reference is called 
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the standard frame of reference. It is obvious that the particle momentum in the standard frame of 
reference has the least possible value of all inertial frames of reference, and this least value is 
determined by particle virtuality. 
Taking into account the uncertainty relation, we obtain that the virtuality characterizes a size of 
the domain, in which a particle can be detected with high probability, if the measurements were 
made in the standard frame of reference of this particle. At the same time, the more particle 
virtuality, the smaller this size. Thus, the particle virtuality makes it possible to judge about 
extension in the space of domains, where inelastic processes described by the diagrams of Fig.2 type 
take place. At the same time these domains form the virtual "fur coats" of colliding particles, 
therefore these extensions determine typical sizes of colliding particles P1 and P2 (Fig. 2). It is 
evident from Fig. 8 that virtualities increase with movement from the diagram edges to its center. It 
is easy to explain, because all the virtualities are negative and therefore 
( ) ( ) ( ) 0)( 23231203012)1( <----= ^PPPPPk . Taking into account that momentum transversal 
components are equal to zero in the maximum point, we have:  
                                                           ( ) ( )0301231 PPPP ->-  .                                                   (31) 
According to energy conservation law we have 01
0




1 )(PMP +=  
and 23
20




3 )()( PP < . Since these both magnitudes are positive, we 
have 3P < 1P . Therefore due to positivity of expressions in both brackets, we obtain from Eq. (31): 
                                                             03
0
131 PPPP ->- .                                                          (32) 




1 PP -  and sh(?1) from the larger magnitude 31 PP - . Consequently, the difference of these 
magnitudes increases, and so the squares difference, i.e., virtuality ( ))2(k , increases too (Fig. 8). 
Passing on to subsequent virtuality, we will subtract a hyperbolic cosine of corresponding rapidity 
from the energy and a hyperbolical sine of the same rapidity from the longitudinal momentum. At 
the same time the difference between the longitudinal momentum and the energy will increase. This 
explains the increase of squares differences, i.e. virtualities. 
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Behavior of virtuality in the maximum point at different energies is shown in Fig. 9. From the 
presented results it follows that in the maximum point the virtuality monotone decreases with the 
energy growth. As it is evident from Eq.(3.4), in the maximum point decrease of the virtuality must 
result in amplitude increasing with energy. In the second part of our paper we will discuss whether 
the amplitude growth can result in growth of cross-section sn calculated by Laplace method and 
total scattering cross-section stotal.   
 
4. Analytical solving of the constrained extremum problem for inelastic scattering amplitude  
as equal-denominators approximation 
 
At first let us consider in more detail the case of even number of particles n in the diagram of 
Fig.2.  
We consider the scattering amplitude restriction ( )2/210 ,...,,, nyyynA  determined by Eq. (25). 
Taking into account nondimensionalization with mass m this relation looks like 
( ) ( ) ( )

















































































































































P -=  and it is implied that s  and M are made nondimensional with the mass m. 
Since we search the constrained extremum always supposing conservation of energy-momentum, it 
is assumed that P3ð is described by Eq. (23), in which all magnitudes are made nondimensional with 
the mass m too. In particular, taking into account the symmetry relation, normalization and the 
introduction of rapidity (see Eq. (12) we obtain for Ep instead Eq. (2.6):  








kp ychsE .                                                      (34) 
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For further calculations we make the following designa tion  








 .                                                (35) 
Note that due to Eqs. (2.22), (4.2) and (4.3) magnitude DP depends on rapidity as the compodite 
function of E, which is designed as DP(E). Also note that the first efficient of Eq. (33) depends on 
rapidity only by magnitude E.  
Instead searching of the maximum of function ( )2/210 ,...,,, nyyynA  we can search the maximum 
of its logarithm, which we designate as L: 
            
( ) ( )( )( ) ( ) ( ) ( )


























































































     (36) 
In addition, we make following designations:   
                                  
( ) ( ) ( )































































                      (37) 
When we took into account Eq. (2.6), all variables, on which the function ( )2/210 ,...,,, nyyynA  
and its logarithm depends, are independent, and the point of extremum can be searched from the 
condition of equality to zero of partial derivatives with respect to all variables. 
The equations of the point of extremum can be written down in a form:  
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( ) ( )
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.             (40) 
Eqs. (4.6)-(4.8) produce the system of equations for search of the extremum point. An 
approximate solution of this system of equations is our task of this section. 
Simplification of the system of equations can be attained as approximation, which is named as 
equal-denominators approximation. Let us consider this approximation. 
As it evident from Eq.(30), the amplitude is a product of fractions, in which denominators the 
magnitudes are greater than unit. However, function xxf /1)( =  slowly changes at x>1, that follows 
from its derivative. In addition, as it was shown in Section 3, virtualities and, hence, the 
denominators increase at moving from the "comb" edges to its center. As we are search the 
maximum point, virtualities in this point must be as small as possible, i.e., they must increase in the 
direction from the “comb” edges to its center as slowly as possible. Therefore it is possible that the 
denominators lightly differs from each other in the desired maximum point, and for the further 
analysis of the system of equations in the maximum point we use approximation, in which all the 
denominators are equal between themselves. We will designate their approximate common value as 
Z, i.e., 




jZ j .                                                           (41) 
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In this case the system of equations for the maximum point takes form 
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From approximation (41), in particular, we obtain Zn/2 »Zn/2+1 . Taking into account the 
designation (4.5) it will result in equality: 





















yshEP                                                 (45) 
Substituting Eq.(45) to the system of equations (42), (43), (44) we have  
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.                                     (48) 
Eqs. (46), (47) and (48) form the system of equations for search of the constrained maximum 
point of inelastic scattering amplitude as approximation of equal denominators (4.9). 
To solve this system we consider Eq. (4.15), which corresponds to l=n/2-1: 
































































































                      (49) 
Subtracting Eq. (48) from Eq. (49) we have 















































































































ych                    (50) 
It follows from this equation that 
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yth  .                              (51) 
Taking into account that a hyperbolical tangent is a monotonous function at all real axis, it 
follows from Eq. (51): 




3 nn yy =
-
 .                                                            (52) 
Note that this result agrees with the numerical results shown in Fig. 5?. 
Now let us prove by induction that  









n .                                            (53) 
Eq. (53) is already proved at k=1, since it coincides with Eq. (52). Let us suppose that this 
equation is true at k=1, 2, …, n/2-l-1 (i.e., at yn/2-1, yn/2-2, …, yl+1) and prove that it is true at k=n/2-l 
(i.e., at yl).  
Subtracting Eq. (48) from Eq. (47) we obtain: 






















































































































ych . (54)  
Note, as l+1 £ j £ n/2 only those yk, on which the supposition of induction spreads, are included 














kysh . It makes possible to 
calculate the sums included in Eq. (54), which after transformations has a form: 
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thyth .                                                   (55) 
It follows that   
 























,                                  (56) 
i.e., it coincides with proved Eq. (53). 
Thus, for the diagrams with even number of particles we has shown that the rapidities as equal-
denominators approximation (41) produce arithmetic progression in the maximum point and the 
ratios of all rapidities to the minimum rapidity are the sequence of odd integers. 
To determine the values of rapidities, which constrainedly maximize the scattering amplitude, we 
also have to calculate magnitude yn/2, in which terms all rapidities are expressed. It is possible to do 
it using the equal-denominators approximation (41).   
Calculating the sums in Eq. (48) with allowance for Eq. (53), we have: 










































                                                  (57) 
Now let us calculate the derivative ¶L/¶E taking into account Eq. (36) for the magnitude L:  
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           (58) 
Using the equal-denominators approximation (41), we obtain: 
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         (59) 
Taking into account Eq. (45), we have after transformations: 
































































                                 (60) 
Substituting Eq. (60) to Eq. (57), we reduce obtained equation to form 


































 can be calculated from Eq. (23) with allowance for Eqs. (34) and (35). Then 
the expression for P3||, which is made nondimensional with the mass, can be written down as   











-= ,                                                 (62) 
where it is assumed that s  and particle masses M in "comb" ends are also made nondimensional 
with the mass m (pion mass was set to m and proton mass - to M). 
Calculating the derivative of Eq. (62) and substituting it to Eq. (61), we obtain the equation, 
which after simple transformations looks like 















 .                                                 (63) 
Note that the rapidity corresponding to momentum P3êê is equal to (n+1)yn/2, as it follows from 
Eqs. (62) and (63). This expression can be obtained from Eq. (53), if we accept k=n/2 in it, i.e., 
arithmetic progression (53) lengthens by one term. One might, the rapidities of particles at the 
"comb" ends in the maximum point "continue", as it were, arithmetic progression produced by the 
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rapidities of internal particles of "comb". It denotes once more close connection between the equal-
denominators approximation (41) and the arithmetic progression production by rapidities in the 
maximum point. In other words, the arithmetic progression production by rapidities in the maximum 
point is the consequence of equal-denominators approximation. 
It is also possible to verify permissibility of this approximation in the following way. Taking into 




























ychE  (as it follows from Eqs. (53) and (35)) we have instead of 
Eq. (63): 






































 .                                         (64) 
This equation does not admit exact analytical solution, and below we will consider an 
approximate solution of this equation. However, we can verify permissibility of the approximations 
made above, which resulted in Eq. (64), by numeral solving this equation at the different energies 
s  using Matcad 2001 and by comparison it with the result of numerical determination of the 
maximum point (Fig. 6). The results of such comparison are shown in Figs. 10-11.  
As evident from Figs. 10-11, the "exact" numerical solution of Eq. (64) practically does not differ 
from the results of numerical computation. It is evidence of the fact that equal-denominators 
approximation (53) is admissible approximation.  
Now let us consider the approximate analytical solution of Eq. (64). Note that function 
sh(nyn/2)/2sh(yn/2) in the left-hand side of Eq. (64) varies slowly at small values of yn/2 and can be 
substituted for the limiting value equal to n/2 at yn/2 ®0. In this case we obtain the following 
solution: 

















.                                                (65) 
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The approximate solution of Eq. (65) and the results of numerical computation are presented in 
Fig. 12, where it is evident that Eq. (65) gives a somewhat overstated value in comparison with 
numerical computation. It is naturally, because using approximation sh(nyn/2)/2sh(yn/2) » n/2 in Eq. 
(64), we understate function sh(nyn/2)/2sh(yn/2) and, in that way, raise too high the hyperbolical 
cosine in the right-hand side of Eq. (64).  
Nevertheless, as evident from Fig. 12, the absolute error of approximation (65) does not increase 
with the energy growth, but as magnitude yn/2 increases the relative error decreases. We can explain 
it also reasoning from Eq. (64). Since magnitude sh(nyn/2)/2sh(yn/2) becomes small in comparison 
with Mch((n+1)yn/2) at sufficiently high energies s  (and yn/2 accordingly), accuracy of the 
approximation of function sh(nyn/2)/2sh(yn/2) is of no importance. As sh(nyn/2)/2sh(yn/2) in Eq. (64) in 
comparison with Mch((n+1)yn/2) and n in Eq. (65) in comparison with s  are negligible quantities, 
we obtain the same result. It means that approximation (65) ensures the "correct" asymptotic of 
value yn/2 at high s .  
Let us note some singularities of Eq. (65). Firstly, the approximate solution of Eq. (65) has a 
threshold branchpoint at s =n+2M (taking into account nondimensionalization with mass m). It 
means that the rapidity common difference maximizing the amplitude of inelastic process has such a 
singularity. Contribution of the considered inelastic processes to an imaginary part of the elastic 
scattering amplitude after calculation by Laplace method will be in some way expressed in terms of 
common difference of an arithmetic progression Dy. Therefore it is possible to expect that the elastic 
scattering amplitude will also have such singularity, which is required by unitarity condition.  
Note that Eq. (65) has logarithmic asymptotic at the energies substantially exceeding a threshold 
value and at 1
2
2 -=D nyy n , that coincides with the results of numerical computation (see Section 3). 
For the diagrams of Fig. 2 with odd number of particles the sequence of operations is similar to 
described above for diagrams with even number of particles. At first we differentiate the logarithm 
of amplitude restriction (26) with respect to all rapidities 
2
121 ...,,, -nyyy . After that it is possible to 
use the equal-denominators approximation 







11 ... .                                                   (66) 
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- » nn ZZ  we have relation similar to Eq. (45): 











































yshPP .                                          (67) 
Much as Eq. (51) was obtained, from equality to zero of the derivatives of logarithm of scattering 
amplitude restriction with respect to 
2





-ny  and taking into account Eq.(67) we have  







- = nn yy  .                                                           (68) 
Then it is possible to prove by induction that       
















n .                                         (69) 
Thus all the rapidities, which constrainedly maximize the considered scattering amplitude 
restriction, can be expressed in terms of 
2
1-ny . 
Making calculations, which were made in order to obtain Eqs. (4.25)-(4.32), we have for this 
rapidity as equal-denominators approximation: 





























































.                                      (70) 
As approximation similar to ones, which results in Eq. (4.33), we have 
















1 .                                                (71) 
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From Eq. (71) it is evident that in case of odd number n the rapidity common difference, which 
constrainedly maximizing the scattering amplitude, also has a threshold branchpoint.  
Note, that a common difference of an arithmetic progression is equal to 
2
1-ny  in case of odd n and 
it is equal to 
2
2 ny  in case of even n, i.e., as agreed approximation the common difference of an 
arithmetic progression ( )sny ,D  is expressed by the same expression both for even and for odd n.  
The analytical results, which were obtained, make it possible to see how mechanism of virtuality 
decrease with the energy growth "works".  As equal-denominators approximation (41) with 
allowance for Eq. (45) the amplitude in the maximum point (in case of even n) can be written down 


















































 of this expression sets the characteristic value of virtuality in the 
point of the maximum amplitude as equal-denominators approximation.  
Taking into account growth of magnitude 
2
ny with energy s  growth, which is approximately 
described by Eq. (65), we see that virtuality in the maximum point really decreases and the 
maximum value of amplitude grows with growth of s . 
 
5. Discussion and conclusions 
 
The main result of the presented research is the fact that the inelastic scattering amplitude has 
a point of the constrained maximum under the condition of energy-momentum conservation. It 
results in the fact that small neighborhood of the maximum point makes principal contribution to the 
multidimensional integral of the inelastic scattering cross-section of the set number of particles.  
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Study of the maximum point properties showed the some differences of a physical picture of 
the multiperipheral process from ones, which gives rise to the basic formulas of reggeon theory [4-
6]. 
In particular, the rapidities of secondary particles in the maximum point are ordered and 
equally spaced from each other, as it is assumed in case of reggeon formulas development. At the 
same time in the presented model the distance between the adjacent rapidities (i.e., common 
difference of an arithmetic progression) depends on energy s  and a number of particles n (see 
Eqs. (4.33) and (4.39)) and is not a constant close to unit, as it accepted, for example, in Refs. [5-6]. 
The supposition that the interval between adjacent rapidities does not depend on energy plays a 
important part for the ground of power dependence of the imaginary part of elastic scattering 
amplitude on Lorentz- invariant s, that results in the Regge pole. 
However, the most important difference consists in the fact that virtualities in the most 
probable momentum configuration are not reduced to the squares of momentum transversal 
components, as it is assumed in case of reggeon formulas ground in Refs. [4-5]. In other words, a 
square difference of "high" energy and "high" longitudinal momentum is not negligible quantity in 
comparison with transversal momentums about  the maximum point. Just the change of this 
difference with energy determines the virtuality fall and scattering amplitude growth in the 
maximum point. How it will be shown in the next paper, this can result in growth of total cross-
section, at least, in a certain range of energy s . 
Moreover, as it follows from the multiperipheral diagrams in Refs. [5, 7], reggeon formulas 
are derived in case of total neglect by dependence of the integrand of the cross-section of a certain 
number particle production on the rapidity of these particles. At such an approach a cross-section is 
determined by the value of rapidity phase volume. It is also well evident from the comparison of 
dependence of a set number particle production on s [1] with the calculation of so-called volume of 
"cross-truncated phase space" [3].  
It is obvious, that at the described above approach the dependence of scattering amplitude on 
rapidity is substantial, as just it determines the value of scattering amplitude in the neighbourhood of 
the most probable configuration of momentums.  
Existence of the constrained maximum point of multiperipheral scattering amplitude and 
properties of this maximum make it possible to apply this information for the calculation of inelastic 
scattering cross-section. This is the main purpose of our next paper.  
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Appendix 1. The proof of spatial similarity of virtual particle four-momentums in the diagram 
of Fig. 2. We carry out the proof by "method from contrary".  Let us suppose that any of the four-
momentums of virtual particles, for example, P1 – P3 - p1- …- pk-1- pk is time- like. Note that this 
four-momentum must be equal to P4 – P2 + pn +pn-1 + … + pk+1 by virtue of the law of energy-
momentum conservation. 
We take into account that the time component of time- like four-momentum (energy) can not 
vanish in any inertial reference frame. It means that the sign of the time component of such four-
momentum is the Lorentz- invariant magnitude, i.e., it can not change in any inertial reference frame.  
If we suppose that the sign of the time components of four-momentum P1 – P3 - p1- …- pk-1- pk 
(or four-vector P4 – P2 + pn +pn-1 + … + pk+1) is positive, the following inequalities must be 
simultaneously satis fied in all the inertial reference frames: 
( ) ( ) ( ) ( ) ( ) ,0... 001010301 >----- - kk pppPP  
( ) ( ) ( ) ( ) ( ) .0... 010100204 >++++- +- knn pppPP  
Taking into account that the energy components of the energy-momentum four-vectors of real 
particles, which satisfy the conditions of mass surface, are appeared in both inequalities, we can 
rewrite them as 
( ) ( ) ( ) ( ) ( )































Note that first of these inequalities can not take place in the particle rest system P1 because 
( ) ( ) ( ) ( ) .0... 222122122322 <+-+--+-+- - kk pmpmpmPMM rrr
r
 
Supposing that the time component of considered four-vector has a negative sign, we obtain 
that the following inequalities must be simultaneously satisfied in all inertial reference frame: 
( ) ( ) ( ) ( ) ( )





































Using function A| |(n, y1, y2,…, yn) described by Eq. (10), let us consider function 


























21 ,,...,,,,...,,,,,...,,,,...,,, yyyyyyynAyyyyyyynA nnnnnnnnnn   (A2.1) 
It is possible to obtain expression A¢ (n, y1, y2,…, yn), if we choose the direction of 
longitudinal momentum P2|| as the positive direction of collision axis and in diagram interchange the 
four-momentums of particles, centered at the axis in Fig. 3 (numeration of the diagram vertexes 
corresponds to Fig.2). 
in following way:  
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      (A2.2) 
Moreover, as 
( )
( ) ( )




















































we obtain  
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( ) ( ) ( )






































                  ( ) ( )( ) ( )nnn yyyPyyyPmyyyP ,...,,,...,,,,..., 2140221421230 =-+=--- .             (A2.4) 
Then we have 
       
( ) ( )
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    (A2.5) 
or in more convenient form  
     
( ) ( )
( ) ( )














































































































































































   (A2.6) 
Let us take into account that the rapidities, from which the amplitude depends, satisfy the laws of 
the energy and the longitudinal component of momentum conservation: 
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.                                           (A2.7) 
From the condition of the longitudinal component of momentum conservation we obtain 
                                     




































.                              (A2.8) 
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.                                                     (A2.9) 
Substituting Eq. (A2.9) to Eq. (A2.6) we obtain: 
( ) ( ) ( )


























































































































































Replacing index k=n-j in product included in the expression of amplitude, we obtain the 
expression coincident with Eq. (10) (taking into account Eq. (12). So,  
                                              ( ) ( )nn yyynAyyynA ,...,,,,...,,, 2121 ¢= .                                  (A2.11) 
























21 ,...,,,...,,,,...,,,...,,, yyyyynAyyyyynA nnnnnnn . 
 
Appendix 3. Calculation of the energies of the virtual line crossing the axis of symmetry of the 
diagrams in Fig. 3.  
Let us consider at first the case of even number of particles. The energy conservation law in c.m.s 
has a form: 










.                              (A3.1) 




kyy kkn =-=+-  and P4êê=-P3êê constrainedly 
maximizes the scattering amplitude (that follows from Eq. (23)), we have in the maximum point:  
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 corresponds to the energy transferred 
through the central link of the diagram between vertexes with numbers of n/2 and n/2+1 (Fig.2, 3), 
therefore this energy is equal to zero in the maximum point. 
Now let ladder has odd number of particles n. Writing down the energy conservation law, we 
select in the sum of pion energies the item corresponding to the central particle in the diagram: 


































 .   (A3.3) 
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The maximum of inelastic scattering amplitude is reached at the symmetric configuration. It is 
characterized by the fact that the central particle has zero rapidity and the particles centered at the 
central particle have mutually antithetic rapidities, therefore 













It follows that 























-th particles at the most probable  





-th particle (which has zero rapidity in the maximum 
point) takes away energy m, the energy, which will be transferred along the next after it link of the 
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Fig. 1. A general view of an innelastic scattering diagram. 
 
Fig. 2. An elementary inelastic scattering diagram in the multiperipheral model ("the comb"). 
 
Fig.3. An axis of symmetry of the multiperipheral diagram at even (a) and odd (b) number of 
particles in "the comb".   
 
Fig. 4. A typical output of numerical computation of the maximum point of scattering amplitude 
corresponding to the diagram in Fig. 2. 
 
Fig.5. Computation of the constrained maximum point. The column y contains the rapidities of 
particles, which constrainedly maximizing the scattering amplitude under the condition of energy-
momentum conservation and correspond to the lines located above an axis of symmetry in Fig.3. 
The column dy contains a difference between every column element and the successor of this 








yk  (b). 
 
Fig.6. The dependence of rapidity step Dy of an arithmetic progression, which constrainedly 
maximizing the scattering amplitude, at different numbers of particles n in "the comb" on energy 
s .  
 
Fig.7. Dependence of common difference Dy of rapidity an arithmetic progression, which 
constrainedly maximizing the inelastic scattering amplitude, on the number of particles n at the fixed 
energy s  (the energy s  =10 Gev is shown as an example). 
 
Fig. 8. The virtuality change along "the comb" at n/2=10 (?) and n=7 (b). 
 
Fig. 9. Change of the modulus of virtua lity on energy at n/2=10 in energy range, Gev: 
(a) – 5¸900; (b) - 30¸900; (c) – 200-900; (d) – 5¸900 (on a logarithmic scale of virtuality axis).  
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Fig. 10. The numerical solution of Eq. (64) (¾) and numerical computation (o) of the magnitude 
( )sny ,D  at n/2=10 in the energy range, GeV: (a) – 5 ¸1.6´104; (b) - 5¸2000; (c) - 5¸200. 
Here it is taken into account that ( )
2
2, nysny =D . 
Fig. 11. The numerical solution of Eq. (64) and numerical computation of the magnitude ( )sny ,D  
at n/2=20 (a) and n/2=25 (b). Designations are the same as in Fig.10. 
 
Fig. 12. Approximate solution of Eq. (64) (---) and numerical computation ( ¾ ) at n/2=10 (a), (b); 
n/2=20 (c), (d); n/2 =25 (e), (f). The range of low energies close to the threshold branchpoint (in 
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